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Recently, a protocol for quantum state discrimination (QSD) in a multi-party scenario has been 
introduced [Phys. Rev. Lett. Ill, 100501 (2013)]. In this protocol, Alice generates a quantum 
system in one of two pre-defined non-orthogonal qubit states, and the goal is to send the generated 
state information to different parties without classical communication exchanged between them 
during the protocol’s session. The interesting feature is that, by resorting to sequential generalized 
measurements onto this single system, there is a non-vanishing probability that all observers identify 
the state prepared by Alice. Here, we present the experimental implementation of this protocol based 
on polarization single-photon states. Our scheme works over an optical network, and since QSD 
lies in the core of many protocols, it represents a step towards experimental multi-party quantum 
information processing. 

PACS numbers: 03.67.-a, 03.65.-w 


I. INTRODUCTION 

The unavoidable change of quantum states by a mea¬ 
surement process is one of the main distinguishing features 
of quantum mechanics [1, 2]. The acquisition of infor¬ 
mation about a quantum system through a projective 
measurement creates a post-measurement state which, 
when inspected, does not allow one to deduce the state 
of the system before the measurement. Thus, this class 
of measurement has a destructive character since all in¬ 
formation about the initial state is lost. However, not all 
measurement processes lead to a complete loss of infor¬ 
mation on the initial state [3-6]. 

The trade-off between the information about a quantum 
system, obtained by means of a measurement process, and 
the disturbance induced by this process in the state of 
the system has been an intensive research subject [ 7 - 
9]. In this context, sequential measurements have been 
recently considered. In such case, several measurement 
processes are carried out consecutively onto the same 
physical system [10]. Adopting sequential measurements, 
the existence of an adaptive strategy which optimises 
the balance between the acquired information and the 
disturbance induced in the state of the system has been 
experimentally demonstrated [11]. 

In this work we present motivating fundamental re¬ 
sults related with sequential measurements onto a sin¬ 
gle quantum system. We experimentally demonstrate 
that multi-party sequential unambiguous state discrimi¬ 
nation (SUSD) is possible [12]. The discrimination among 
nonorthogonal quantum states was first introduced in the 
context of quantum decision theory [13-15]. The idea is 
that a party, Alice, prepares a quantum system in one 
of several pre-defined nonorthogonal states. Then, she 
sends the system to a second party. Bob, whose task is 
to determine what is the state of the system. Several 


discrimination strategies are possible depending on the 
constraints imposed. Unambiguous state discrimination 
(USD) is designed upon the requirement of perfect identi¬ 
fication of the nonorthogonal states considered [16]. Due 
to the nonorthogonality, this requirement can only be 
achieved probabilistically. Thus, the scheme admits the 
possibility of an inconclusive event that does not give any 
information about Alice’s prepared state. 

Sequential unambiguous state discrimination arises in a 
scenario where the states prepared by Alice must be unam¬ 
biguously identified by multiple parties, and without the 
use of classical communication exchanged between them 
during the protocol’s session. Since the process must be 
carried out without sharing a classical bit of information, 
each observer has access only to the post-measurement 
unknown states generated by the previous one. Through 
a sequence of consecutive generalized measurements on 
the same quantum system, there is a non-vanishing prob¬ 
ability that all receivers simultaneously identify the state 
prepared by Alice. The process of SUSD is designed 
to maximize this probability, and is described as the 
concatenation of non-optimal USDs carried out by the 
intermediate parties, to an optimal USD implemented by 
the last party. 

Throughout the development of quantum information 
theory, the studies of protocols concerning discrimination 
of non-orthogonal quantum states have shown their close 
relationship with others such as quantum key distribution 
(QKD) [17], entanglement concentration [18-21], quantum 
cloning [22, 23], teleportation [24-26], entanglement swap¬ 
ping [27, 28], superdense coding [29], and some quantum 
algorithms [30]. Thus, our experimental implementation 
of a SUSD can be seen as a step towards single-photon 
multi-party experimental quantum information process¬ 
ing. Moreover, our scheme is based on single-photon 
polarization qubit states and can be extended to have the 
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FIG. 1. (Color online) Experimental setup. Alice encodes the state \' 4 >+) or with a half-wave plate, on a down-converted 
photon heralded by the other twin comprising the heralded single-photon (H-S-P) source. Bob resorts to a Sagnac-like 
interferometer to implement the non-optimal USD measurement. Bob’s post-measurement state is sent to Charlie, who then 
carries out an optimal USD procedure with three identical Sagnac-like interferometers. Each output i represents an inconclusive 
event, while the other two, -f and -, are univocally associated to the states IV'-i-) and respectively. The detectors are placed 

in a public channel, such that both Bob and Charlie can see which detector clicked in each run of the experiment. Therefore, 
the result of their individual measurement is obtained without the need of classical communication between the parties. CGF: 
colored glass filter, IF: interference filter (bandpass), HWP: half-wave plate, PBS: polarizing beam splitter, PC: polarization 
control module, M: mirror, FC: optical fiber coupler, APD: avalanche photo-detector, SMF: single mode fiber. 


parties separated over an optical network [31-33]. 

II. THEORY 

Now, let us briefly review the SUSD process between 
three parties (named Alice, Bob and Charlie) [12]. Alice 
prepares a quantum system in a state randomly chosen 
from a set of two equally likely nonorthogonal states de¬ 
fined by \tp±) = a\h) ± b\v). States \h) and Ju) form a 
two-dimensional orthonormal basis and coefficients a and 
b are real and positive numbers such that + b^ = 1. 
Without loss of generality, we assume that a ^ 6, so the 
inner product s = ('0+j'0_) = — b^ is real and non¬ 

negative. Thereby, coefficients a and b can be considered 
as functions of s, that is After state 

preparation Alice sends the quantum system acting as 
an information carrier to Bob. He now implements a 
non-optimal USD process. This allows Bob to obtain in¬ 
formation about the state prepared by Alice, while leaving 
enough information in the post-measurement states such 
that Charlie can also discriminate Alice’s states. This 
happens at the expense of a reduced success probability. 
The non-optimal USD performed by Bob requires the 
implementation of a specific generalized quantum mea¬ 
surement. According to the Neumark’s theorem, such 
measurement can be implemented by resorting to an ad¬ 
ditional ancillary system, an entangling unitary operation 
between the ancilla and the system, and finally by a pro¬ 
jective measurement over the ancilla Hilbert space (please 
see the Appendix for more details). In terms of a bipar¬ 


tite unitary operation between the system and the ancilla, 
Bob’s discrimination process is described as 

\^±)\B),/l^s\±)\bo) T (1) 

where \B) is an arbitrary state representing the initial 
state of the ancilla and {l&o)i l^i)} is a two-dimensional 
orthonormal basis of the ancilla. The states j±) and 
\(j)±) are given by Ji) = -^[\h} ± [u)] and \(j)±) = 

^^(1 - y^)\h) =F + V^)k)! respectively. Thus, 

Bob implements a process that transforms the set of 
nonorthogonal states into orthogonal ones, succeeding 
with probability 1 — yfs. Since the states are now or¬ 
thogonal, Bob can discriminate between them and deduce 
the state prepared by Alice. Otherwise, there exists a 
probability yfs of obtaining no information. After the 
implementation of Bob’s USD, the particle is sent to 
Charlie who does not know the result of Bob’s discrim¬ 
ination. In consequence, the state of the particle can¬ 
not depend on the particular outcomes obtained by Bob 
and must be always \4)±) regardless of his recorded re¬ 
sults. Charlie discriminates unambiguously between these 
two states whose inner product is now —^/s, and there¬ 
fore, less separated than the original states JV'i) because 
](<()_](()+) 1 ^ Analogously, Charlie must set up 

an operation such that 

1<^±)1C) ^ v^l-v^l±)lco) T s^/^\h)\c^), (2) 

where \C) is the initial state of the ancilla used by Charlie, 
{jco), jci)} corresponds to its possible final orthogonal 
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FIG. 2. (Color online) Probabilities P^k for each detection configuration while sending The continuous line represents the 

theoretically expected values for each probability as a function of the inner product s. The points with error bars represent the 
recorded probabilities. The green area represents an error model (see text for details). 


states that inform Charlie whether the discrimination has 
been successfully achieved or not. Charlie’s USD must 
be optimal since no additional parties will handle the 
system and, therefore, the remaining information must be 
maximally acquired. The state of the system in case of an 
inconclusive event is the same one despite the state Alice 
sent [16]. As seen from Eq. (2), Charlie has a 1 — ^/s 
probability for succeeding and y/s for failing. Taking into 
account Eq. (1), we have that 

Psucc = (1 - yi)^ (3) 

is the probability of both Bob and Charlie having success¬ 
fully accomplished their quantum state discrimination, 
which is the main purpose of this protocol. Note that Eq. 
(3) is the upper limit for the joint success probability of 
the SUSD protocol [12]. 

III. EXPERIMENT 

In our implementation, the states \'4>±) are encoded 
in the polarization degree of freedom of a single photon. 
Eigure 1 illustrates our experimental setup. A 60 mW 
CW laser at 355 nm is used to generate twin photons 
through spontaneous parametric down conversion in a 
non-linear BiB306 (BiBO) crystal. A colored glass filter 
and an interference filter (10 nm bandwidth) block the 
pump field and select degenerated down-converted pho¬ 
tons at 710 nm. A heralded single-photon source uses the 
detection of a down-converted photon to witness the pas¬ 
sage of the other twin photon through the experimental 


scheme. The latter is sent through a single mode optical 
liber (SMF) to eliminate any spatial correlation between 
the twin photons, and then through a polarizing beam 
splitter (PBS) for polarization filtering. This source pro¬ 
duces a typical coincident count rate of ^ 2600/s with an 
accidental count rate of ~ 15/s. The counts are recorded 
by a Field Programmable Gate Array coincidence count¬ 
ing unit, with the timing delay adjusted between each 
detector’s output and the heralding trigger signal. 

Alice prepares one of the states j'i/i) with a single 
half-wave plate (HWP). Bob’s non-optimal USD is im¬ 
plemented by means of an intrinsically stable Sagnac 
interferometer II (see Fig. 1). The propagation path 
of a photon within II depends on its polarization state, 
which allows for conditional polarization transformations 
implemented with half-wave plates placed inside the in¬ 
terferometer [11, 34]. The fast axes of the plates located 
at the clockwise transmitted mode (continuous line in 
II), and at the counter-clockwise reflected path (dashed 

line in II), were oriented at angles ^ arccos \J and 

\ arccos ^ + f, respectively. The upper and lower 

output ports of the interferometer II are associated to 
a failure or a success of Bob’s discrimination process, 
respectively. In such configuration, a photon emerging 
from the upper output port is described by one of the two 
nonorthogonal states \(t>±). A photon emerging from the 
lower output port is described by one of two orthogonal 
polarization states j±). These states can be determin¬ 
istically discriminated by splitting them into two new 
paths using a PBS and a HWP. Since they are univocally 
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related to states |'0±), this identifies with certainty the 
states prepared by Alice. This concludes the generalized 
measurement of Bob implementing the USD process. 

Before the transmission of the photon to Charlie’s 

13 and 14 interferometers, Bob transforms the post¬ 
measurement state |-|-) to !</'+), and |—) to |0_) using 
HWPs (see Fig. 1). Thus, the state of the photon sent to 
Charlie is always one of the polarization states \4>±)i inde¬ 
pendently of the path followed after Bob’s discrimination 
(in this way, there is no bit of classical communication 
being shared by them). Charlie analyses the polariza¬ 
tion state by placing new Sagnac interferometers 12, 13 
and 14 at the end of each path leaving Bob’s measure¬ 
ment. These three interferometers are similar to Bob’s 
one and their settings are chosen to achieve the optimal 
USD of \4>±) in Charlie’s measurement process [34]. For 
the optimal USD, Charlie needs to place a HWP in each 
counter-clockwise mode in the interferometers 12, 13, and 

14 of Fig. 1. They must be adjusted at an angle given by: 

\ arccos Another HWP oriented at 0 degrees was 

used in the clockwise mode to balance the interferometers. 
Note that Charlie must adopt three interferometers, as 
he does not know which path corresponds to a conclusive 
or inconclusive result of Bob’s measurement. Last, it is 
worth mentioning that such setup configuration can find 
application to multipartite secure quantum communica¬ 
tion since, for each trial. Bob can guarantee that there 
is no flow of information - regarding his measurement 
- to Charlie by randomizing at which output path the 
post-measurement polarization states are sent in. The 
same is valid for Charlie, who can guarantee the privacy 
of his measurements by randomizing for each interferom¬ 
eter, the detectors corresponding to the conclusive and 
inconclusive events. 

Finally, the photon is measured with silicon avalanche 
photo-detectors (APDs) operating in continuous mode, 
with a detection efficiency of ^ 60% coupled with single¬ 
mode fibers (SMFs). For each detection event, the clicking 
detector is publicly announced. From the detection events, 
one can estimate when Bob, Charlie or both succeed dis¬ 
criminating the state generated by Alice. For instance, 
consider that the last detector was the one that clicked. 
Based on this publicly announced information, both Bob 
and Charlie get informed that the state prepared by Alice 
was |'0±)j without the need of using any classical com¬ 
munication exchanged between the three parties. Last, 
please note that in our implementation Bob and Char¬ 
lie don’t need to share one bit of classical information 
to define how Bob’s measurement outcomes map to the 
outcomes of Charlie’s measurement (or, alternatively, to 
the detectors at the public channel). There is a simple 
strategy that Bob can adopt to figure out the mapping. 
That is, Bob can simply block two of his outputs and 
note from the detection events publicly announced, which 
detectors are associated with the unblocked path. The 
same strategy is also valid for Charlie and the public 
detectors. 

To experimentally validate our scheme, the SUSD pro- 



inner product, s 


FIG. 3. (Color online). Joint success probability of Bob 
and Charlie succeeding at their discrimination attempts as a 
function of s. The continuous line represents the theoretical 
prediction of Eq. (3). The points with error bars represent 
the recorded probabilities averaged over |'i/’+) and The 

green area represents an error model to show how experimental 
imperfections can affect Psuac in our scheme. 


tocol was implemented considering seven different values 
for the inner product (s) of the non-orthogonal states 
generated by Alice. The results when Alice sends |^_) 
are shown in Fig. 2, as an illustrative example of the re¬ 
sults recorded. Each plot shows the detection probability 
with /r = 2, 3,4 and k = -b, —,f, at the output of 
the fj,th interferometer (see Fig. 1). These probabilities 
P^k are the observed average values after 45 experimen¬ 
tal runs, each consisting of 15 s integration time, for 
each value of s. The error bars display the standard de¬ 
viation of each probability considering all experimental 
runs. The continuous line represents the theoretically 
predicted values for each probability as a function of the 
inner product s. A good agreement between the theory 
and experimental results can be observed. To understand 
how experimental imperfections can affect our proposed 
scheme, we resorted to an error model based on Monte 
Carlo simulations, which is represented by a green area. 
To account for errors in Alice’s state preparation proce¬ 
dure we used a measured maximum mismatch of ±1° on 
the half-wave plates. Furthermore we also considered in 
the model the use of non-ideal BBSs, where up to 3% 
of horizontally (vertically) polarized light could be lost 
while being transmitted (reflected) through the PBS, and 
a mismatch between the output modes of the Sagnac-like 
interferometers of up to 3%. Fig. 3 shows the recorded 
joint success probability (averaged over \ip+) and ji/’-)) 
for each value of s. Again, there is a good agreement 
between theory [Eq. (3)] and the experimental results 
observed. 


IV. CONCLUSIONS 

Here we reported on the implementation of the recently 
proposed protocol of sequential unambiguous state dis- 
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crimination aimed at quantum information processing 
in a multi-party scenario [12]. In our scheme, a single 
photon is used to distribute the information of a qubit 
polarization state between three parties: Alice, Bob and 
Charlie, all connected through a linear optical network. 
The scheme relies on the generation of non-orthogonal 
polarization states by Alice, with Bob and Charlie ap¬ 
plying sequential measurements onto the single photon 
for the unambiguous state discrimination. Our exper¬ 
imental demonstration employs commercially available 
optical components, opening up a path towards practical 
applications. Finally, the technology to compensate po¬ 
larization drifts in long-optical fibers is available [31-33], 
which opens up the possibility to spatially separate the 
parties with long-distance optical fiber links. 
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Appendix: Remarks on the implementation of 
unambiguous state discrimination 

The unambiguous state discrimination (USD) protocol 
requires the implementation of a generalized quantum 
measurement over a given physical system and, in accor¬ 
dance with the Neumark’s theorem, its implementation 
consists of three basic steps: (i) the addition of an ancillary 
system, (ii) a collective or joint unitary transformation 
between the system and the ancilla, and (iii) a projective 
measurement over the ancilla Hilbert space. 

To see this, please let us consider that the nonorthogo- 
nal states to be discriminated \iIj±)s = aj 0 )s ± 5jl)s are 
encoded in a system s. With the purpose of performing 
the USD of such states, we must then consider that an 
extra ancillary system b, initially prepared in an arbitrary 
state is added to this system. Last, let us assume 
that the following unitary transformation Ugh acting onto 
system s -I- 6 is implemented: 

Usb\iJ’±)s\B)b = ^\±)s\bQ)b + \^T^\(l)±)s\bi)b- (A.l) 

Then, one can see that this transformation always cre¬ 
ates a set of three mutually orthogonal states: the two 
states l±)s|foo)b = (l/v^)(|0)s ± |l)s)|&o)b and one of 
the states \4>±)s\bi)b- The states |-l-)s|5o)& and |— )s|&o)& 
are associated with the successful identification of the 
nonorthogonal states \'ip+)s and respectively. The 

states \(j)±)s\bi)b are associated with a failure in the iden¬ 
tification process. Since the states |-l-)s|&o)b) |—)s|&o)& 


and \(f>±)ts\bi)b are mutually orthogonal, they can be per¬ 
fectly distinguished. Thus, conclusively identifying the 
two nonorthogonal states. 

The three elements of the generalized measurement rep¬ 
resenting the USD process are, therefore, H^ = Al^A^, 
where Am are the Kraus operators describing the physi¬ 
cal processes performed on the initial state of system s. 
These operators are given by 

Ak\Am\j)s = 8 {k\b{bm\Usb\j)s\B)b, (A. 2 ) 

where {|j)s} is the computational basis for system s and 
{\bm)b} is the basis on which the ancillary system b is 
measured. 

Typical optical implementations of unambiguous state 
discrimination (or alternatively, optical implementations 
of generalized quantum measurements), such as the ones 
adopted by Bob and Charlie in our work, can be fully ac¬ 
complished by resorting to different degrees of freedom of 
a single photon [34-36]. To understand it, please consider 
that the states jO)^ and jl)^ are now the horizontal and 
vertical polarization states \h)s and ju)^ of a single photon, 
respectively. Correspondingly, the diagonal polarization 
states are defined by l±)s = {1/V^){\h)s ± |u)s). 

Without loss of generality, let us now focus on Bob’s 
measurement. Note, however, that the same reasoning 
is valid for Charlie’s measurement. Immediately after 
the unitary transformation Usb implemented by Bob’s 
interferometer, the state of a single photon is given by 

Usb{a\h)s±b\v)s)\B)b = y/p\±)s\bo)b + ^ - p\4‘±)s\bi)b, 

(A.3) 

where, here, the state \B)b represents the propagation 
path of photons at the input port of Bob’s interferometer. 
The state \bo)b represents the photons emerging from the 
lower output port of Bob’s interferometer (See ICl in 
Fig. 1), while state \bi)b describes photons emerging from 
the upper output port of Bob’s interferometer. Thereby, 
the ancillary degree of freedom employed in our experi¬ 
ment corresponds to the propagation path of the photons. 
The identification of the states |'0±)s is then obtained 
by mapping the polarization states j±)s of the photons 
(at the lower output port) to distinct propagation path 
modes. This is achieved with the help of a half-wave plate 
and a polarizing beam splitter. The combined action of a 
half-wave plate and a polarizing beam splitter transforms 
the states l±)s|5o)b onto states \h)s\b 2 )b and |u)s|& 3 )&, 
respectively. These can be perfectly discriminated by 
placing photo-detectors on paths [ 62)6 and 

Summarizing: the action of Bob’s interferometer, fol¬ 
lowed by a half-wave plate and a polarizing beam split¬ 
ter at lower output port, is to transform the states 
\'ip±)s = a\h)s ± b\v)s into three mutually orthogonal 
states: |(('±)s|^i)&, |h)s|& 2 )b and |u)s| 63 )b. In turn, this 
allows for the successful identification of states |V'±)s by 
means of placing photo-detectors at paths | 6 i)f,, \b2)b and 
\b3)b. Therefore, implementing the desired USD opera¬ 
tion. 
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